We calculate the full counting statistics (FCS) of a subsystem energy in free fermionic systems by means of the Grassmann variables. We demonstrate that the generating function of these systems can be written as a determinant formula with respect to the Hamiltonian couplings and by employing the Bell's polynomials, we derive exact formulas for the subsystem energy moments. In addition, we discuss the same quantities in the quantum XY spin chain, and we demonstrate that at the critical regimes the fluctuations of the energy moments decay like a power-law as we expect from the conformal field theory arguments, while in noncritical regimes, the decay is exponential. Furthermore, we discuss the full counting statistics of subsystem energy in the quantum XX chain.
I. INTRODUCTION
In quantum many-body physics, the fluctuations of local observables carry a fair amount of information regarding the physical properties of the system. The rapid progress in the manipulation of quantum devices in condensed matter physics has made it possible to investigate the nature of fluctuations in quantum many-body systems to even higher degrees of details. In quantum mechanics, one usually is interested in the first few moments of the fluctuations while the full description of the system requires the knowledge of the full distribution function of the observable. These kinds of distribution functions are examples of a more general concept known as full counting statistics (FCS) which studies the full distribution of a macroscopic observable in arbitrary systems. The term FCS was first popularized in the study of charge transport in mesoscopic systems [1] [2] [3] [4] [5] [6] [7] [8] [9] . However, since this quantity can be defined naturally in any quantum system, it has been also applied in different areas such as Fermi edge problems [10] , ultracold atoms [11] [12] [13] [14] , quantum chains [15] [16] [17] [18] [19] [20] [21] , and many-body localization [22, 23] . For a good list of applications and references, see Refs. [16, 24] . In the context of quantum chains, one can simply consider the system in its ground state and then study the full distribution of the number of fermions [15] [16] [17] or magnetization in the subsystem [18] [19] [20] [21] [26] [27] [28] and find the relevant universal scaling functions [29] [30] [31] . One of the natural quantities that can be defined for any system is the energy of the subsystem. The Hamiltonian truncated to a subsystem does not commute with the Hamiltonian of the full system. Consequently, if the full system is in its ground state, the energy of the subsystem can have many different values with different probabilities. Surprisingly, to the best of our knowledge, the FCS of the subsystem energy has not been studied in the literature. However, in Ref. [32] , related problems regarding the relation between probability distributions of the measurement outcomes of the local and global Hamiltonians have been discussed. For the distribution of the energy of the full system in the Gibbs state and possible experimental methods to detect it, see Ref. [33] . There have also been some works regarding the full counting statistics of both energy transport of phonons [35] [36] [37] and electron energy transfer [38] [39] [40] . In this paper, we study the FCS of the subsystem energy in generic free fermion Hamiltonian with real couplings, and in particular, in quantum spin chains that can be mapped to the free fermions.
To have the full distribution of the system, one usually needs to calculate the generating function of the distribution functions. In the case of free fermions, the studies of those observables that have quadratic form in the fermionic representation (for example fermion number) always lead to determinant formulas [1, 17, 24] . The Hamiltonian truncated to a subsystem in free fermions naturally has a quadratic form and one expects a determinant formula. In this paper, we will find a determinant formula in a form which is different but equivalent to the ones that can be derived from earlier approaches, see for example Ref. [24] . We will implement the fermionic coherent states written in Grassmann representation which is also practical when the state of the system is generic but has a simple form in the local basis. Afterwards, using the Bell's polynomials, we will provide exact formulas for the moments. In Sec. III, we will apply our determinant formulas to study the FCS of subsystem energy in the quantum XY chain and will remark on different properties of this quantity on different regions of the phase diagram. In particular, we will study the universal properties in the critical regions. Finally, in Sec. IV, we will summarize our results and future directions.
II. FULL COUNTING STATISTICS OF THE SUBSYSTEM ENERGY IN THE GENERIC FREE FERMIONS
In this section, we study the full counting statistics of the subsystem energy in the ground state of a generic real free fermion Hamiltonian in an arbitrary dimension. To start, we calculate the first two moments and then we provide an exact formula for the generating function of the subsystem energy. Afterward, we show how one can calculate all of the moments exactly by a proper expansion of the generating function. Consider a generic free fermion Hamiltonian with the following truncated Hamiltonian for the subsystem D;
where B T is the transpose of B and c is a vector with elements c i and i = 1, 2, ..., |D|, where |D| is the number of sites in the region D. Moreover, A and B are symmetric and antisymmetric matrices, respectively, to keep the Hamiltonian Hermitian. Note that here we just consider real A and B. We are interested in calculating the full counting statistics of energy defined as the following expectation value
For later implications, it is convenient to introduce new operators defined as,
with the anticommutator relations {a i , a j } = 2δ ij , {b i , b j } = −2δ ij , and {a i , b j } = 0, and the well known correlations defined as block Green matrices,
where ρ D is the reduced density matrix of the region D and G
ji . Note that the role of the Hamiltonian of the full system is encoded in ρ D . By substituting operators a and b in the Hamiltonian (1), H D becomes,
where we have used
. By using the definition of these correlators, we get
where we have introduced a matrix D = 2(A + B). Similarly, by using the Wick's theorem one can also calculate the H 2 D . The final result can be written as:
It is needless to say that the calculation of the higher moments starts to get cumbersome immediately which makes the forthcoming calculations much more valuable. In any case, the above two direct calculations can be used to check the validity of the general results.
A. Generating function of the subsystem energy in the ground state
In this subsection, we come back to our problem of calculating the generating function of the subsystem energy for a system which is in its ground state. To do that we can use the fermionic coherent state defined as
where ξ i 's are Grassmann numbers which satisfy the following properties: ξ n ξ m + ξ m ξ n = 0 and ξ 2 n = ξ 2 m = 0. Consequently, we can show
By using the Grassmann variables the reduced density matrix can be written as [41, 42] 
where we have introduced the matrix
The trace in the context of Grassmann variables can be calculated as:
Then the equation (2) can be written as:
(12) After using the identity
we get
We can now calculate the two expectations separately.
To calculate the second expectation, first we decompose eλ D HD by means of the Balian-Brezin formula [43] as:
where X, Y, Z can be calculated from the blocks of matrix T defined as
which leads to 
After implementing the above formula in the equation (14) we get
To calculate the integrals, we first introduce new variables,ν =η
, then the integral becomes
Notice that we get an extra factor of (−1) |D| , where |D| is the number of sites in the region D, which is the Jacobian for the change of variables of ξ andη. Using the formula for Gaussian integrals, we can also calculate the second integral, 
Since e Y is symmetric, the two termsᾱe Yᾱ and αe Y α have no contribution in the integrals. Finally, after performing the integrals, we have
Using the definition of F = (
where we have used the identity [e −trY ]
. By introducing the definition of X and Y we can also write:
Although the above three equations are equivalent to the formula derived in earlier works, see for example Ref. [24] , they have different forms. We will use the current forms to calculate the comulants in the next sections. Note that one can consider the above equations as the generating function of any observable defined in the subsystem D that can be written as the quadratic equation (1) . Consequently, all the subsequent formulas are valid for any observable that can be written in a quadratic form in the fermionic representation.
T matrix expansion
One can determine the exact form of the matrix T by expanding it with respect to λ D as follows:
By calculating the right-hand side of the above equation, we can see that there are only two independent block matrices which can be obtained by using the following formulas:
n .
Then for the other two matrices we simply have
The τ
(1,2) n can be calculated as follows:
and
where k i=1 n i = n and there are 2 n−1 terms. Moreover, the sign of the terms can be calculated by
where [x] is the floor (the largest integer less than or equal to x) and for s < 1, we have s−1 j=0 n k−j = 0, for more details see Appendix A.
Subsystem energy moments from the generating function
Since the exact form of T 22 and T 12 are known, one can calculate all the moments using the equation (25) . To start, we need to use the expansion of functions of determinant provided in Ref. [44] . Then we have
where
and f j = δ j and B kj (g) is the partial exponential Bell's polynomial (see Appendix B) defined as
Here, we list the first few terms,
(37c)
(37d)
and g = (g 1 , g 2 , ...) with
2 , ...). The trB kj (τ (2) ) can be evaluated by calculating B kj (g) and then symmetrization of all the terms
where the G i 's are any sequence of the {g k } and the sum is over all permutations. After having a symmetrized form for B kj (g), we can now replace {g k } with {τ (2) k } and derive the formulas for trB kj (τ (2) ). Here, we list a few of the coefficients,
2 − (τ
3 − 3τ
4 − 4τ
2 )
Note that in our case, δ = − 1 2 . We need to also calculate the second determinant in the equation (25) . Inside the determinant can be written as:
n ]. (40) Then, we define the following matrices:
We can now calculate det[1 + ∞ n=1λ n n!τ n ] as before with the condition δ = 1 which implies f j = 1. The expansion has the following form:
The first few terms have the following forms:
Using the two formulas (A2) and (42) the expansion for
which simplifies to
An expansion of the full counting statistics with respect to λ can be written as below:
where we have E m = H m D . Using this definition, one can calculate all the moments as,
One can directly check that the above equation for m = 1 and 2 produces the equations (6) and (7), respectively. For the future discussion, it is also important to introduce the fluctuation of the m moment defined as:
Consequently, by using the equation (49) and working out some algebra, one can show that
Finally, the most general case can be written as:
where the B mj is the Bell's polynomial as we mentioned before. The above formulas show that the quantities g i andg i with i > 2 represent the fluctuations of the subsystem energy.
B. Subsystem energy generating function for an arbitrary state
In this section, we study the subsystem energy generating function for an arbitrary state. In other words, we would like to calculate
for arbitrary state |ψ . To calculate the above quantity, we assume that we know the form of |ψ in the fermion occupation basis, in other words, we have
where |C is an arbitrary configuration for fermions in the subsystem. Using the above state in the equation (53), we have
The quantity C ′ |eλ D HD |C can be calculated using the equation (18) as follows (see Ref. [46] ): Consider an arbitrary configuration C. Then, the corresponding Grassmann variable for the unoccupied state is zero while for occupied state, one needs to integrate over Grassmann variable. This transformation will effectively create new matrices X C ′ , Z C and (e Y ) C ′ C that are dependent on the configurations. Then we can write
Finally, after performing the Grassmann integration, we have
where pf is the Pfaffian of the matrix. The above equation can be very useful for those states that have a simple form in the configuration basis. It can be also useful in the study of time dependent systems. For example, for the state without any fermion, we simply have
and for the case with full of fermions, we have
III. SUBSYSTEM ENERGY STATISTICS IN THE XY SPIN CHAIN
In this section, we use the equations that we derived in the previous section to study the full counting statistics of the subsystem energy for the XY spin chain. We study different phases of the chain with analytical and numerical techniques. In particular, we study the transverse field Ising chain and XX chain in more details.
A. Definitions and general results
The Hamiltonian of the XY -chain is as follows
where σ We are interested in studying the Hamiltonian truncated to a subsystem of an infinite quantum chain described by 
where the matrices A and B are:
Using the results of the previous section and considering J = 1, first one can calculate H l as follows:
(ba) 0
Notice that in this case G (aa) = −G (bb) = 1. Not surprisingly the H l is proportional to the size of the subsystem. We can also calculate the second moment as follows:
where we have tr[
. It is easy to see that here, H 2 l is proportional to l 2 . By similar calculation, one can easily show that
All of the G (ba) matrices are known for the XY chain. For example, take a periodic system and then consider the thermodynamic limit; then we have
At the critical Ising point (a = h = 1), the above equation takes the following simple form
Then, one can easily study the M (λ l ) for different values of a and h using the equation (25) .
B. Conformal field theory expectations
At the critical points, it is expected that the system can be described by conformal field theory. In particular, on the XY critical line the system can be described by Ising field theory with central charge c = 1 2 and on the XX critical line with the central charge c = 1. Since at the critical points we have
where T is the energy-momentum tensor with the scaling dimension 2. Notice that since in CFT the one point function of the energy-momentum tensor is by definition zero, we need to work withẼ defined in equation (62) rather than E. Then, by simple dimensional analysis we expectẼ
where c 0 is a n dependent constant which is also dependent on the cut-off as 1 a n and c −n is another constant. The above equation is expected to be valid at the critical points and we will show its validity for the critical Ising point through numerical calculation and analytically for the XX chain.
At noncritical points, it is natural to expect
where a n , b n , and α n are all cut-off dependent constants. We will show the validity of the above result by numerical calculations in the next subsections.
C. Transverse field Ising chain
In this section, we study the statistics of the subsystem energy in the transverse field Ising chain. In Figs. 2 and 3, M (λ) has shown for different values of l and the transverse magnetic field h. A few comments are in order: First of all, there is no particular difference in the shape of the M (λ) at and outside of the critical point. Secondly, one can see that for the finite values of l, M (λ) for large positive and negative values ofλ diverges exponentially. However, the interesting point is that since the coefficient of the exponential for positive values ofλ is very small, one can see the effect of the exponential for just relatively large values ofλ. It seems that the coefficient of the positive exponential decreases like an exponential with respect to the size of the subsystem l which makes M (λ) ≃ e −λ to be a very good approximation for a large interval ofλ. Of course, for a very large l which is comparable with the system size, one does not actually expect any fluctuation in the energy of the system which is in its ground state. That is why in the limit of large l, we have exactly
From Fig. 3 , one can observe that even for relatively small subsystem sizes the graphs can be described perfectly by the above equation.
In Fig. 4 , we checked the validity of the equation (71) forẼ n with n = 2, and 3 at the critical point of the transverse field Ising chain, i.e, h = 1. The depicted numerical results confirm the CFT predictions nicely. Note that since equation (68) is the thermodynamic limit of a periodic system while, the thermodynamic limit of the subsystem is an open system, one naturally does not expectẼ n to go to zero for l → ∞. In fact, It approaches a n-dependent constant which shows that the omitted boundary point that connects the two extremes of the subsystem plays a finite role. Since we are just interested in the decay with respect to the subsystem size, this constant does not play any important role in our current investigation. Outside of the critical regime, as it is depicted in Fig. 5 , thẽ E n decays exponentially with respect to the size of the subsystem l, which is consistent with our prediction in equation (72). 
D.
XX spin chain
The critical XX line is particularly interesting because it follows a simple tight binding form. In the free fermion representation, one can calculate many quantities exactly. For this reason, we make a through discussion of the full counting statistics in this case. We give an independent derivation of the generating function in this case which is in full agreement with the results of the previous sections.
The generating function
The Hamiltonian of the XX chain or chain of free fermions is:
where n c plays the role of filling factor. We would like to calculate:
,j − 2 cos n c δ i,j and ρ l is the reduced density matrix given by Ref. [41] ,
and C ii = nc π , where we will mostly work with n c = π 2 . Then, we need to calculate the following trace
The trace can be easily calculated
The above equation is consistent with the equation (25), which provides another check for our main formula. The above determinant does not have a simple Toeplitz form which makes further analytic calculations nontrivial. However, it can be simplified further by diagonalizing the matrix A as A = V DV T where:
where i, j, k = 1, ..., l. Then, by definingC = V T CV we can write
Note that we have V T V = I. For a reason that will be clear soon, it is better to write the above equation as
There is an interesting formula for the determinant of the sum of an arbitrary matrix X of size n and a diagonal matrix Y with elements y i , i = 1, ..., n as follows [45] :
where the vectors α i and β i with the sizes n i = n i are defined as
where C i (X) is the compound matrix of rank i of the matrix X. It is a matrix with the size n i formed from the determinants of all i × i submatrices of X, i.e., all i × i minors, arranged with the submatrix index sets in lexicographic order. Note that the generic element of the vector α i can be written as (
where C i (Y ) is the compound matrix of rank i of the matrix Y , and E i is the rotated identity matrix of size n i with elements (E i ) kk ′ = δ k,ni−k ′ +1 . Using the above result we have
where the vectors α i and β i with the sizes l i = 
it can not be easily used to calculate the asymptotic values of the moments. However, the formula is useful if one is interested in calculating the probability of finding the system in a single eigenstate of the Hamiltonian truncated to a subsystem. Here, we report the generating function for half filling for small subsystem sizes:
M
The numbers in the exponentials are the possible subsystem energy values and the coefficients of the exponentials are the probability of occurrence of the corresponding subsystem energy. The coefficients are highly nontrivial numbers. In Fig. 6 , we depicted the distribution of the logarithm of the subsystem energy for the XX chain.
As it is clear, although the probability decreases exponentially it is not a smooth function. The exponential decrease of the probability just means that the subsystem with high probability is either in its ground state or in its first few excited states. It is natural to expect that this should be true independent of the considered model.
Calculation of moments
In this subsection, we calculate the subsystem energy moments in the XX chain. To do that one can expand the equation (78) directly and derive some results for the moments as we did in the Sec. II. First of all, we write An expansion of the above formula with respect toλ can be derived as follows:
where we have
Then, using the equations of Sec. II, the first few E k 's can be written as:
The formula for generic E k can be written with respect to complete exponential Bell's polynomials as:
As before, one can write similar equations forẼ k as follows:Ẽ
With the following generalizatioñ
Consequently, the above formulas show that the quantities g i with i > 2 represent the fluctuations of the subsystem energy.
Integral representation of the moments
In this subsection, we introduce an integral representation for the moments that we have calculated in the previous subsection. The new representation helps to find asymptotic value of E 2 . Note that similar calculations can be done for the generic XY chain, see Appendix C. However, for the generic case the integral representation is more complicated. A simple calculation shows that
To calculate E 2 , we need to evaluate g 2 . However, to calculate g 2 we need tra 2 and tra 2 1 . The former one has the following simple form:
The later one has more complicated form:
where the correlation matrix C can be written as
where n(q) = 1 for q < n c and it is zero otherwise. Here, we focus on the half filling n c = π 2 . Using the above equation and then performing change of variables, finally, one can write the equation (100) in the following form:
Now, we have an integral formula for g 2 as follows:
is the Fejèr kernel. The Fejèr kernel has the following representation as a sum:
Putting the above equation in the formula (103) and doing the integral and then performing the sum, we get
where ψ (1) is the polygamma function. After expansion around large l, we have
The above result is consistent with what we expect from conformal field theory calculations. Similar but much more complicated calculations can be also carried out for g 3 , see Appendix D.
IV. CONCLUSIONS
In this paper, we calculated the full counting statistics of the subsystem energy for an arbitrary free fermion system in its ground state. The provided formula can be also used as the full counting statistics of an arbitrary quadratic observable. We have calculated exact formulas for the moments as explicit functions of the Hamiltonian parameters. We have also provided a formula for the system in generic state. We then applied our formulas to the XY chain. In particular, we studied the different behavior of commulants on different parts of the phase diagram. At critical points, we have a power-law decay of the moments but the decay is exponential at noncritical points. In the case of the XX chain, we provided more refined formulas and showed the validity of the CFT by exact calculations.
There are many directions that one can expand the current work. For example, it will be very interesting to study the FCS of the energy after quantum quench in one dimension. For some related discussions in this direction see Refs. [32, 47, 48] . It is also important to study the distribution of the subsystem energy in a more direct way (rather than calculating the generating functions) with numerical and analytical techniques in quantum spin chains and also bosonic systems. This kind of calculations can also be useful in the field theory context when one is interested in the localization of the energy in a domain. Acknowledgment: We are indebted to Pasquale Calabrese for numerous discussions and suggestions since the beginning of the project. We also thank Maurizio Fagotti for many inspiring discussions. To have a better understanding of the equation 33, we show how to obtain the first few terms.
The first two terms are easy to study. From equation (A1) for n = 0 we get 1. Then for n = 1 we have two possible terms: A 1 B 0 and A 0 B 1 as the sum over the power of matrices should satisfy ni = n. Moreover, the strings always start with A and ends with B. Since n = 1 is odd, we have to choose τ (1) 1 with the condition k j=1 n 2j−1 = even, which implies n 1 (the power of matrix A) to be equal to 0 and consequently, for τ we have n 1 = 0 and n 2 = 1 with k = 2(total length of AB string) and s = 0 so that sgn = (−1)
[0+0] = 1 and for τ
1 , we have n 1 = 1 and n 2 = 0 which implies sgn = 1 which is what we expect. Then the other two elements can be obtained from equations (29) and (30) . Similarly, we explain how to extract the terms in elements of T 12 for n = 3. For this case, we have 2 n−1 = 4 different terms. Considering all different n k in equation 31, we get, Here, we summarize some of the properties of the Bell polynomial. The partial exponential Bell polynomial is given by the equation B n,k (x 1 , x 2 , ..., x n−k+1 ) = n! j 1 !j 2 !...j n−k+1 ! (
where the sum is over all non-negative j 1 , j 2 , ..., j n−k+1 in a way that we have j 1 + j 2 + ... + j n−k+1 = k and j 1 + 2j 2 + ... + (n − k + 1)j n−k+1 = n. Then the complete exponential Bell polynomial can be defined as:
B n (x 1 , x 2 , ..., x n−k+1 ) = n k=1 B n,k (x 1 , x 2 , ..., x n−k+1 ).
Now if we define
B n,k (x 1 , x 2 , ..., x n−k+1 ),
then we have
(−1) k−1 (k − 1)!B n,k (y 1 , y 2 , ..., y n−k+1 ). (B4)
The above formula can be considered inverse relation for Bell polynomials. (e i(q2−q1) − e il(q2−q1) )(e il(q1−q3) − e i(q1−q3) )(e i(q3−q2) − e il(q3−q2) ) × e −iq1 + e −iq2 + e −iq3 + e iq1 + e iq2 + e iq3 + e i(q1+q2+q3) + e −i(q1+q2+q3)
(1 − e i(q2−q1) )(e i(q1−q3) − 1)(1 − e i(q3−q2) ) .
Then, we can substitiute all of them in equation D1 to get (e i(q2−q1) − e il(q2−q1) )(e il(q1−q3) − e i(q1−q3) )(e i(q3−q2) − e il(q3−q2) ) × sin q 1 + sin q 2 + sin q 3 − sin[q 1 + q 2 + q 3 ] (1 − e i(q2−q1) )(e i(q1−q3) − 1)(1 − e i(q3−q2) ) , 
Although the above equations have nice symmetric forms, it is not easy to find its asymptotic value . Based on numerical calculations it is easy to see that
with c −3 a bounded but oscillating function.
